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()*+  ¹ ºu-, ¹ +.)  VwshblocVgkdfRTV0/?iwvRa`{TkmsTyzVU21¯£h
u ∈ C0(Ω)  rdmRVbm{wV5s¡wshpdmlzhaiTsib¡¢ihw;dflshshdmRTV!s{VghbmiTbmVd
Ω ⊂ Rd  bmiwvRdmRud
H(x, u,Du) = 0 x ∈ Ω ⊂ Rd
u = g x ∈ ∂Ω
354 ¨ 476
lzhdfRTV°plobfwsbmlde`WbmVhbV¨98Öh 354 ¨ 4-6  




¬?VwshblocVkBdfRTViT{{VgkbVgUWl@?cwshpdflhaiTsib 3 i¨ b¨ w 6 uhyzs1¬%VgkbVgU>lA?awshpdmlzhaiTsib
3 yÄ¨ bg¨ w 6 VhaVgys{VMb%s¡
z
¬+ldmRkfVgbm{VMw;d(dms¯yy3dfRTV!1ukflzTyzVgbg¨Q(RTVg`kmVBcV£hTVga`









G(x, s, p) =
{
H(x, s, p) x ∈ Ω









G∗(x, s, p) = G∗(x, s, p) = H(x, s, p)
l¡
x ∈ Ω
G∗(x, s, p) = min(H(x, s, p), s− g(x))
l}¡
x ∈ ∂Ω







bmsyzicdflsh®su¡ 3<4 ¨ 4-6 l¡%uh®shTyz`l}¡e O¡¢sk°hp`
φ ∈ C1(Ω)  Kl¡ x0 ∈ Ω lzb°yzscwyU¯1|clzUiTU s¡ u − φ  dfRTVh
G∗(x0, u(x0), Dφ(x0)) ≤ 0.






3<4 ¨ 4-6 l¡*hshTyz`l¡e c¡¢sk.hp`
φ ∈ C1(Ω)  Tl¡ x0 ∈ Ω lob.>yscwy3UWlhTlzUiU8su¡ u− φ  cdmRTVgh
G∗(x0, u(x0), Dφ(x0)) ≥ 0.
3<4 ¨ I 6

















su¡ 354 ¨ 4-6 bf1dflzb¡¢`




kmVcVghTsudfVg§a` T h   h lob>dmRTV®U¯u|alzUiU clouUWVdfVk¯su¡°dmRVVgyVgUWVhpdfb Kj   j = 1, · · · , ne uh
{xi}j=1,··· ,ns
lzb%dfRTV!bVd(s¡










(Kj) ≤ C2h ∀j = 1, · · · , ne.
354 ¨Æ 6
=skWElVh©dfkmlouhiTyo1dflsh dmRTV®bmsyzicdmlzsh«s¡ 3<4 ¨ 476 lzbWu{{Tkms­|clzU¯1dmVMsh§®¡ÔuUWlzy`©s¡\cVgkfVV5s¡
¡¢kfVVMcsU cVghTsudfVga`



















  Vi cVhsudmV°dfRTVbVd.su¡l}dvb+hTVlzRaOskvb¨ VukfV5lzhdfVkfVgbdmVM«lzhªwshbdmkfiw;dflhT¤RTlzR@skfTVk'wshaVgkmVhpd'bfwvRTVUWVMb¡¢sk 3<4 ¨ 4-6 ¨dfR1d¯lob'
¡¢ihw;dflshuy H ¬+RTlowvR±lzb\cV£hTVg¡¢sk°ha` σ ∈ Σ  ObmiwvRdfR1d\dmRTV>u{T{Tkfs­|clU¯udmlzsh uj ' u(σj) su¡ uud
σj
bmudmlobe£VMb a¡¢sk
i = 1, · · · , nΣ
 
H(σi, ui, {uj , j ∈ Vi}) = 0.
3<4 ¨  6

















dfs 354 ¨  6 uyobsWRTsyz¡¢sk.dmRTlob(¡ÔuUWlzy`su¡rwshpdmkfsyKsyiTUWV¨%x¼{OsbfblzTyzVwshbedfkmiwdmlzshsu¡GbiwvRwshpdmkfsy
syziTUWVlob.lzVgh®a`GskmshTs%clzkvuU bmVV BÆ D ¡¢sk\V|TuUW{TyzV¨ZQ(RV!¡¢iThwdmlzshy Hh lzb\V|admVghcVMsh
Ω
a`¯dmRVB¡¢syzys1¬+lzhTC1Gl}¡
x ∈ Ω  wshblocVk σ ∈ Σ bmiwvR5dfR1d x ∈ Cσ uh¬?VbVd
H(x, uh(x), uh) = H(σi, ui, {uj , j ∈ Vi}).
Q(RV5u{T{kms­|clzUWudmlzsh©bfwvRTVUWV 3<4 ¨  6 hTVgVgTbdms±OVwshbmlobedfVhpd¬+ldmR 3<4 ¨ 4-6 ¨  V¡¢syyzs1¬ :?kmyzVgb
h_asiTpuhTloclob B  D cV£hTl}dflsh 1
 "!$#%!'&H/%shbmlzbdfhpd+¥\uUWlzy}dfshTlouhb)(*#'+ 	 !-, # !$#># 	  !$M@# $' &!$' H  /.	!*0$1,' # 	'"#.  $ !
x ∈ Ω !'32 φ ∈ C∞b (Ω) 4 #"	 	# < C∞  $ G'32E	52 G'#%&$'687
lim sup
h→0,y→x,ξ→0




H(y, φ(y) + ξ, φ+ ξ) ≥ G∗(x, φ(x), Dφ(x)).




+ 	 !-, # !# H  #%H$'  :,$' # 	' #>  7 .O	'	  	 φ   @'	!$ 4 $'"# !'"#  !2$&	'"# 687 .O"!$# 	  	
σ ∈ Σ 7 σ ∈ Ω 7
H(σ, φ(σ), φ) = H(σ, φσ,Dφ(σ)).





s ∈ R 7
H(σi, s, {uj}j∈Vi) ≥ H(σi, s, {vj}j∈Vi).
Q(RVkfV!V|clzbdfb.UWha`5haiTUWVkflzwguy
bfwvRTVgU>VMb.cVgsudfVgdmsdmRTVkfVgbmsyzicdflshs¡ 3<4 ¨ 4-6  ¤V|TuUW{TyzVgbZukfV
lVhp`kmV¡¢VkfVhwVgb B I c c 39p $; D  c¬+RVkfV\dfRTV!{TkfsTyzVU 354 ¨ 476 lob+clzkmVMw;dfy`¯dvwv³ayzVg3¨




+H(x, v(x), Du) = 0 x ∈ Ω ⊂ Rd, t > 0
v(x, t) = g(x, t) x ∈ ∂Ω, t > 0
v(x, 0) = v0(x) x ∈ Ω, t = 0.
354 ¨  6
¡¢sk%bmsUWV\bmiTldfTyV\lhl}dflzyOwshcldmlzsh
u0
biwvRWdfR1d?dmRV\bmsyzicdmlzshs¡ 354 ¨ 476 lobscdflhVg¯bdmRVZyzlUWldg 
¬+RVh
t → +∞ su¡*dfRTVbmsyzicdmlzsh®s¡ 3<4 ¨  6 ¨.Q(RTVkfV!lzb\¯¬+RTsyV!lzhcibdmkf`su¡GhaiTUWVkflzwguy




i − ∆tH(σi, uni , {unj , j ∈ Vi})
¬+ldmR
u0i = u0(σi)
¨¼xZyshTdmRVgbmV±ylzhTVMb (shV®UW­`§npiTsudfVdmRTV±¬?skf³@s¡MB T ?c  4  D huUWsh
U¯hp`5sudmRVkvb B 4E4   4  D ¡¢sk /?kdfVgbmlzhUWVMbRTVMb.uh B 4 c  4 IT  4 a  4  D ¡¢sk.iThbdmkfiw;dfiTkfVgU>VMbRVgbg¨Q
s
dfRTVWVMbed!s¡siTkB³ahTs1¬+yzVgcV OdmRV>shTyz`±wshaVkfVhwVkfVgbmiTydfbg 3¬+l}dfR¤Vgkmkfsk°VgbdmlzU¯1dmVMb kmV¡¢sk°£kvbed
skfTVkbfwvRTVUWVgbg *bVgV B   4 9p  4 ; D ¡¢sk'bdmkfiw;dfiTkmVMU>VMbRVgbh B 4  D ¡¢skihbedfkmiw;dmikmVMU>VMbRVgbg¨x
VhTVgkfy



















{u{OVk 3 lÄ¨ V¨dmRV(¡¢skfUsu¡KdfRTVZbfwvRTVUWV+uh>dfRTV.wshaVkfVghwV?{Tkfsasu¡ 6 wguhWOV.ibmVg>lhBUWskmV(VghTVkvuy
wshpdmV|adg¨
Q(RVZbedfkmiw;dmikmV+s¡OdfRTlob{{VgkrlobGdmRV+¡¢syzys1¬+lzhT1*¬?V(£kfbd%bdfkdra`W!VghTVkvuyTcVgkmlz11dflsh¯su¡KdmRTV















ulob+WbUWsasudfR®bsyicdflshs¡ 3<4 ¨ 476  TdmRTVgh




` ∈ R dmRTVB¡¢syyzs1¬+lh>¥\uUWlydmshTlouh













ihkmVg¬+kmldmVMb 3 c¨Æ 6 b
H(σi, ui, {uj}j∈Vi) =
(
`i + (1 − `i)ri
)
HM (σi, ui{uj}j∈Vi) + ε(h)




`i + (1 − `i)ri ≥ ε′(h).





dfR1d'bf1dflzb¡¢`wshcl}dflsh 3 c¨ I 6 ylzVgb
OVde¬?VVghdmRTV!de¬?s¯TkvuhwvRVgb(su¡*dfRTVRa`a{VgkmOsyo






+ 1 − `
∣∣∣∣























` + (1 − `)r = 0 
dfRTVhdfRTVbmwvRVUWV!cV£hVga`¯dmRTV¥\uUWlzy}dfshTlouh 3 T¨  6 bf1dflzb£VMb
H(σi, ui, {uj}j∈Vi) = O(hk)
¡¢sk.uha`5bmUWspsdmRbsyiTdmlzshsu¡ 3<4 ¨ 476 ¨
_clhwVdfRTV5dvuhTVhpd>ud>skmlzlzh©su¡ZdmRTVRa`p{OVkfOsyo {(r, `) ∈ R2, ` + (1 − `)r = 0} lob −1  *bmsyzicdflshs¡
dmRV!{TkmsTyzVU 3 c¨  6 lob










) VyobV¨ 3 c¨:9 6
¡¢sk.uha`




H(σi, ui, {uj}j∈Vi) = 0
¬+RVkfV H lob.cV£hTVga` 3 T¨  6 ¨ 8ÖhdmRTlob+{{Vgkg c¬?V!VUW{Tyzs1`WdmRVB¡¢syzys1¬+lzhTWV|c{Tyzlzwl}dZbfwvRTVgU>V
un+1i = u
n



























`i + (1 − `i)ri
)

















0 ≤ `i ≤ 1
bmiwvRdmRud





















0 ≤ r ≤ β
min(1, α+(r − β))
VyobV¨
3 c¨ 4  6
Q(RV>kf{TREs¡(bmiwvR5¡¢ihw;dflsh ¡¢sk
C = 1







   
     
`(r)    	
   
3 c¨ 4  6  cdmRVkfV°V|clzbdfb
C ′
bmiwvRdmR1d(¡¢sk
0 < ∆tC ′h
3 c¨ 4 4 6













ψ(r) ≥ r uh ψ′(0) = 1 ¨¯x.hV|TU>{yVWlob ψ(r) = r + r2 ¨Q(RVgbmV>{OsbfbmlTlzyzl}dflVMbBR­V>hTsudOVVghV|c{TyzskfVg3¨
_clhwVVMni1dmlzsh 354 ¨ 4-6 csaVgb\hTsudBcV{OVh±sh±dmlzU>V KsiThTkm`®wshcldmlzshb\Uibed°VWb{OVgwl}£Vg3 





 VwshbmlzcVgk+WsiThTkm`¯haiTUWVkflowuy¥\uUWlzy}dfshTlouh Hb dmR1d.lob.wshblobdfuhpd(¬+l}dfR±>siThTkm`¥\uUWlzy}dfshTlouh
Hb
¨ 8Ýd.lob.cV£hTVg¡¢sk
x ∈ ∂Ω   s ∈ R h p ∈ Rd uhyzbms¯bmudmlobe£VMb
∀x ∈ ∂Ω, s ∈ R, p ∈ Rd, Hb(x, s, p) ≤ H(x, s, p).
Q(RV°kfVgbmiTydmlzhT¯bmwvRVUWVBlzb 1*£h {uj}j=1,··· ,nΣ
bmiwvR5dfR1d
l¡








+ ε(h) = 0
3 c¨ 4  6
l¡






, ui − g(σi)
)
= 0.
3 T¨ 4 1 6
Q(RVbsyicdflshsu¡ 3 T¨ 4  6 lob+hTsdZuh®Vgb`dfbm³K¨.=syzys1¬+lzhT¯bedvuhukvdfVgwvRThTlonpiTVgbg ¬?VwsUW{TicdmV
ld5b'dfRTV®ylzUWl}d¬+RVh
n → +∞    # J @ # 	 E #   %s¡ {unj }j=1,··· ,nΣ
 
















3 T¨ 4  6
l¡








, un+1i − g(xi)
)
= 0.
3 T¨ 4 u 6
8Öh 3 c¨ 4  6 uh 3 c¨ 4  6  
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4    H!$
  ) ¹ +  µ  µ +  µ  ¹¹ )  VcVghTsudfV°a`
S
dfRTV!s{OVkv1dfsk
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$'"%2E	 #"	 	 	 3 T¨ 4  6 !'32 !  G 	 #"!$#
  HM 7 HH !$'2 Hb !$H	 #%H$'  :, $'" # 	'"#  HM !'32 Hb !$	$'$# $'	  ! A# '"&!$'"57 
Hb ≤ H
7
  "	  
	'32$'  !H!$	# 	
`
 	
'   # 
[0, 1]
!'32 !#  >	
r =
HH(x, uh(x), uh)
HM (x, uh(x), uh)
, `(x) + (1 − `(x))r ≥ ε′(h)
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! H-< ¨B qrkmsas¡su¡GQ(RTVgskfVU T¨ 4D
 V!{TkfscwVVMb(lh B 4D ¨rQ(RTVbVMnpiTVhwV
uh
lob(siThcVMbsW¬?VBwguhcV£hTV

















ukfV!kmVMb{OVgwdmlzVgy`biTG?uh®bmiT{OVkHFÝbmsyzicdflshb+su¡ 3<4 ¨ 476 ¨  V{kmscwVgVglzh®de¬%s¯{ukmdfb1%£kvbed
¬?V!wshblocVgk%dfRTVwbVBs¡*hlzhpdmVkflzsk({slhpdM cdmRTVghdmRTVwgbmV°s¡>OsiThukf`{slhpdM¨
 !$	 5!$' '"# 	&$ '"#  8Öh±¡Ôwdg K¬?V>bmRTs1¬¼£kvbed\dmRud°l¡
x0 ∈ Ω
lzb°yzscwuy*U¯1|clzUiTU s¡
u− φ ¡¢sk.bsUWV φ ∈ Cb∞(Ω)
 TdmRTVgh











Qs\bmRTs1¬dfRTV%lzhTVMniuyzl}de` 3 ¨  6  1¬?V%kfV{OVgud9:(ukfyzVgb
h'_csiTpuhTloclob ­ukfiTUWVghdvb gdmRV%lzhTVgnpiylde`


































































3 T¨  6
_clhwV
0 ≤ ε(hn)





`(yn) + (1 − `(yn))r ≥ ε′(h) > 0
¨G¬%VBVd.uyzylzhyy
ε(hn)
`(yn) + (1 − `(yn))rn
= o(1).
OVgwguibmV HM lob°UWshTsdmshV2h ε′(h) > 0 ¨!¥ZVhwV 3l¡¬%V>clzplocV'dmRTV>yobd°VMniuyzl}de`su¡ 3 ¨  6 a`
`(yn) + (1 − `(yn))rn > ε′(hn) > 0
 c¬?VBVd
0 ≤ HMhn(yn, uh(yn), uh) + o(1).














0 ≤ lim sup
n
HM (yn, φ(yn) + ξn, φ+ ξn
)
≤ H(x0, ϕ(x0), Dϕ(x0))
Q(Rlzb(bmRTs1¬.b%dmRud
u
lob+'bmiT{OVk<?abmsyzicdmlzsh5su¡ 3<4 ¨ 4-6 ¨rQ(RVBbfuUWVBukfiTUWVghdvb%{T{TyzlVMdfs
u
bmRTs1¬ dfR1d




4    H!$








S(h, x, ϕ+ ξ) = max(H(x,ϕ(x), Dϕ),
max(Hb(x, ϕ(x), Dϕ(x)), ϕ(x) − g(x)))
lim inf
h→0,y→x,ξ→0
S(h, x, ϕ+ ξ) = min(H(x,ϕ(x), Dϕ),




u−φ ¡¢skbsUWV φ ∈ Cb∞(Ω)
 
dfRTVh
min(H(x0, ϕ(x0)Dϕ(x0)),max(Hb(x0, ϕ(x0), Dϕ(x0)), ϕ(x0) − g(x0))) ≤ 0,





max(H(x0, ϕ(x0)Dϕ(x0)),max(Hb(x0, ϕ(x0), Dϕ(x0)), ϕ(x0) − g(x0))) ≥ 0
3 T¨:9 6




0 ≤ lim sup
n
S(hn, yn, φ(yn) + ξn) ≤ lim sup
h→0,y→x,ξ→0
S(h, y, ϕ+ ξ)
= max(H(x0, ϕ(x0), Dϕ(x0)),
max(Hb(x0, ϕ(x0), Dϕ(x0)), F (x, ϕ(x0), Dϕ(x0))).
XZs1¬¬%V+R­V+dms'wvRTVgwv³dmRuddmRVZwshcldmlzsh 3 ¨  6 3 kfVgbm{¨ 3 ¨ 9 6<6 lzUW{TyzlVMbrdfRTVZbmiT{Vgk<FÖbmsyzicdmlzsh 3 kfVgbm{¨
bmiTGFÖbmsyzicdmlzsh 6 wshcldmlzsh
¨
• *+ µ   &,Ô ¶   ) ¨O8Ý¡ F (x0, u(x0), Dφ(x0) ≤ 0  MdfRTVkfVrlob
hTsdmRTlzhT+dfs.{Tkfs1V¨  V?bfbiU>V
F (x0, u(x0), Dφ(x0) > 0
¨  V!R­VBVldmRVk
H(x0, ϕ(x0), Dϕ(x0)) ≤ 0
3 T¨ ; 6
sk
max(Hb(x0, u(x0), Dφ(x0), F (x0, u(x0), Dφ(x0)) ≤ 0.
8Öh>dfRTVZbmVgwshWwbV u¬%V+R­V(hTVgwVgbfbmkmlzyz` 3 T¨ ; 6  h>lh¯OsudfRwbmVgbdfRTV.lzhTVgnpiylde`RTsyzb¨
• *+ µ   &,Ô ¶   )
	 ¨ 8Ý¡ F (x0, u(x0), Dφ(x0) ≥ 0  OdmRTVgkmV>lzb\hTsdmRTlzhTdms5{kms1V¨BxZbfbiTUWV
F (x0, u(x0), Dφ(x0) < 0
 adfRTVh¬?V°U'ibd.R­V°VldmRTVgk
H(x0, u(x0), Dφ(x0)) ≥ 0
sk





H(x0, u(x0), Dφ(x0)) ≥ Hb(x0, u(x0), Dφ(x0)) ≥ 0.
Q(Raibg clzhOsudfR®wbmVgbg a¬%V!Vd
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 '	 .	 M J# "!  	 ε(h) = O(hk) 7 ` = O(hk) !'32
ε′(h)−1ε(h) = o(1)














 ' #"	'" G	&!!E@&!$#%&$'"57" .	  	57 .	 !  	 " 	' ε′(h) = 0 #"!$#		 C# . 0 '	 
   ¹ + 7,Ôg µ +  ¶§¹  HH )  "	H75 2 7	'$#> !*0 	 !$' ,  J	 < # 	 $' # 	' , < HH 
  ' :, HM  !# # 	   -.	  	57'	 HH !$#%  >	 3 c¨ 4-6 7#M J#  	 ' # !'"# 
O)     µ  ¹ g	 µ  µ ' + º  ­u-,Ä  ,    µ  µ + gc7, ¹ +)
O)&() ,¢1 ¹ ­º µ  +   µ $,Ä %g	 µ  µ  )  V!wshblocVk?de¬?s'³alzhTb(s¡
£kvbed(skvcVgk(bfwvRTVgU>VMb 
dfRTV °scciThs1¤bfwvRTVUWVuhdmRTV






*2$ G'   !$M@# '"&!' 8Ý¡ H = H1 +H2 ¬+RTVgkmV H1 3 kfVgbm{¨ H2 6 lzb?wshaV| 3 kfVgbm{¨Gwshw­V 6  dfRTVh¬?V!bVd











l = 1, · · · , k1
kmV°dfRTVuhTiTyouk.bmVgw;dfskvb+cV£hTVga`dfRTVBdmkflzhTyzVgb







































shTV!whwshbmiTyd B 4  D ¡¢sk+UWskfV!cVdvulzyzbg¨
8ÖhUWsbd?s¡¤dfRTVBhaiTUWVkflzwguyKV|TuUW{TyzVgb?OVyzs1¬! pdmRTV!¥ZUWlydmshTlzh5lob+wshpV|3 abs 3 I¨ 4-6 OVgwsUWVgb
bmlzU>{yVgk
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#  	 




pi · y −H∗1 (y)
]
NON Ú$P"Q;å;æ;æ
4 I   H!$
  
	  + 	  # '		520# 0' # &!@  7	 HGi := HG(σi, uhi , uh) #  ! 
!$  	 '	  !$#%  	  !@ "	  + 	# 	'  !*0 	 !C
7   	 # 	 	
		' #&M<M#"	  	H 7	  !@ "!$# 	 $ 	!  	
		'"## 	  H! 2$&	'"# <
# 	 &		).  	 @'	!$ '"# 	%
!$' #
uh
7.	  !$@ "!# 	>$ 	!E  	# 	 C5 # 	M	




pi · y −H∗1 (y)
]
.O"		 7  #"	  	# 	   σi 7 Ωl   # 		# $5#"	 	
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 
    K  σi 
O!   &	52$&   !$M@# $'"&!' \¥.VgkmVB¬?VBbmVd
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			 "!$#%&$'" 4 
Q(Rlzb(VkvblzshwuhOV!kmVg¬+kmlddfVh®b


































         
      	         Ωi  	         ~ni+1/2     	    
  ß  Þ;¾ 
x dfRTlzkfVgkfbmlsh a¬+RTlowvRlob?dmRV!shTV!¬?VBR­V°ibmVglhdmRVblzUiTyo1dflshbg clzb
HLF (DuΩ1 , · · · , DuΩki ) =
∑
T3Mi







3 I¨ w 6
h






Q(RV>U¯lh©cl²OVgkmVghwVWOVde¬?VVgh¤dfRTVgbmV¯cl²OVgkmVghd!¡¢skmU'iTyob°lzb!dmRud 3 I¨  6 uh 3 I¨  6 ukfV>lzhGF
dfkmlzhbmlzwBlzhdmRV'bmVhbmV!lzVghlzh B 4  D ¬+RTlyzV 3 I¨ w 6 lob.hsudg¨ :?`5dfRTV¬(­` cdfRTVbfuUWVlob(dmkfiTV!¡¢sk 3 I¨ 4 6 ¨
¥ZVhwV ¡¢syzys1¬+lzhTBdmRVZbmUWV+kmV¡¢VkfVhwV  3 I¨  6 uh 3 I¨ u 6 kmV.wshaVgkmVhpdruh'dmRV.VkfkmskGVgbdmlzU¯1dmV
lob O(h1/2) ¨ =sk 3 I¨ w 6  bmiwvREh±VkfkmskZVMbedflU¯1dfVlobZhsud!­­lyouyV 3 1dByVMbd\¬+RTVgh®¡¢syzyzs1¬+lhT5dmRTVdfVgwvRThlznpiTVBsu¡ B 4  D  TTicd.ld.lob+wshaVkfVhpd 1dmRTlob+lob.WblzUW{TyV{T{Tyzlzwg1dflsh5su¡ B  D ¨
Q(RVEc1hdvuVs¡ 3 I¨ w 6 s1VkWdmRVEsudfRTVkde¬%s©VkvblzshbWlobldfbblzUW{Tyzlzwl}de`§lh wscclh¨»xZb





4    H!$
hV1uyzi1dfV°¡¢sk+VgwvRTVkfVVBs¡
¡¢kfVVgTsU lzhdmRTV!VgyVgU>Vghpdg 
|T |H(Du|T ) + α(ui − uj).
Q(RV°haiTUWVgkmlowy¥ZuUWlzy}dfshTlouhlob(dmRTVkmldmRU>VdmlowB­VkvuVZs¡
dmRVgbmVniuhpdmldmlzVgbg¨
Q(RVclzbfbml{udmlzsh©UWVgwvRuhTlobU¯bBlobU'iwvR©blzUW{TyVgkdfRuh¡¢sk 3 I¨  6 ¨ /%shbmlocVkflh 3 I¨  6  dmRTV
yzsas{Rb(dmsOVwgukfkmlzVgsicd\s1Vk(VMwvR®cVkmVgV!su¡¡¢kmVgVgcsU¨?Q(RTVgh¡¢sk.VMwvRsu¡*dfRTVU ¬?V!hTVgVgdms
U¯³V¯ysas{¤s1Vk!ldfb!hTVglRaskfbg¨8ÖhdmRTVwgbmV¯su¡ 3 I¨ w 6  dmRTVwscclh®lzb M " bmlUW{TyzVkM dfRTlzblzb
¬+Ra`¬?VB{TkfV¡¢Vk 3 I¨ w 6 ¨



















8Ýd¯lob>lhªdmRTV®bm{Tlzkmld>s¡ZdfRTV  X ?pyzlz³VbmwvRTVgUWVs¡ B c  4D h B 4  D ¨§x2bmVgwsh@V|TuUW{TyzVlzbWuyobms
wshbmlocVkfVg¡¢syzyzs1¬+lhT0B 4  D ¨ZQ(RVbmwvRVUWVlobZUWskfVwsUW{wdg OTicd\shTyz`Tu{cdfVgdfsRTsUWsVhVsib
¥\uUWlzy}dfshTlouhbg¨G¥.s1¬?VVkM ¬?VB{Tkms{spbV°uh !2  7 V|admVhblzshdms>dmRV°lzhTRTsUWsVghTVsib?wbmV°lhdmRlzb
{u{OVkM¨
 $# !$#%&$'" 8ÖhWdmRTlob%{ukvukf{TR 1¬?VZwshblocVgkrVyzVUWVhpdvbGdmR1d%kmV.lzUW{Tyzlzwl}dfy`'dmRTsiTRpd%bGdfkmlouhGF
iTyouk+VyzVUWVghdvb Ticd.dfRTlob.kfVgbdmkflzwdmlzshlzbZhTsud.VMbmbmVhpdmlouyP¨  V!£kvbdZ{TkfVgwlobmV\dfRTV!de`a{OVsu¡GlzhdfVkf{syzhpd









































ZdfRTVkWwvRTslzwVgbkmV{spbmbmlzTyVbiwvR@bdmRTVlzhdfVkf{syzhpdfb>cV£hVg«lzh BÆ D ¨©Q(RTVblzUW{TyzVgbd'V|JF
UW{TyVlzb\cVgbfwkflOVg lzhEuha`dfkmlouhyzV a`dmRTV'cVkmVgVgb+s¡¡¢kfVVMcsU wshbmlzbdmlzhT¯su¡*dfRTsbmVsu¡*dfRTV
P2lzhpdmVgkm{Osyo1dflsh5{Tyzib?dmRVBwVhpdmkfslos¡
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r = 1 r = 2
   
    	      
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        









=lziTkfV I¨ 'hCI¨ IT¨
•  T µ P1(T ) ¨  V!R­V Ni = Λi ¨
• T µ P2(T ) ¨  V+R­V N1 = Λ1(2Λ1−1) uh'bmlUWlzyzk*¡¢skfUiTyoZ¡¢sk i = 2, 3  N4 = 4Λ1Λ4hblzUWlyouk(¡¢skmU'iTyz¡¢sk
i = 5, 6
¨
•  T µ¹  P̃2(T ) ¨GQ(RTV°bmlobr¡¢iThw;dmlzshb%kmV N1 = Λ1(2Λ1) + 3b hbmlUWlzyzk¡¢skmU'iTyz!¡¢sk
i = 2, 3  N4 = 4Λ1Λ3 − 12b
uhbmlUWlzyzk(¡¢skfUiTyo'¡¢sk
i = 5, 6  N7 = 27b
¨
NON Ú$P"Q;å;æ;æ
























O)   )&()     &,






r ≥ 3 ¨%ZVghTsudfV!p` Vσ dmRTV!yzlzbd.su¡dmRVgbmVBdmkflzhTyzVgbg¨  VTV£hTVBdfRTV!RTlzRskvcVk+¥\uUWlydmshTlouhb
HHσ := HM (DuhTk , Tk ∈ Vσ)
3 I¨Æ 6
¬+RVkfV HM lzb¯hp`©s¡ZdfRTVys1¬-skvcVkW¥ZU>lzydmshlzhb¯cV£hTVg§uOs1Va` 3 I¨ 4 6   3 I¨Æ 6   3 I¨  6 sk3 I¨ u 6 ¨ ZdfRTVk.RlR®skvcVk.¥\uUWlydmshTlouhbg bmiwvR®b(dfRTVRTlzRskvcVgkZwVghdfkfy3shTV!s¡ B c  4  D wsiTyo
R­V°VgVh®wshblocVgkmVM3¨
8Öh«dmRTVVgkm`Vgkmyz`Tkfu¡èd'su¡+dfRTlob'¬?skf³K  3 I¨Æ 6 Rb'VgVhªlUW{TyzVUWVhpdfVg«h©dfVgbdmVg¨  Vcs
hsudB{TkmVMbVghpd\dfRTVWkmVMbiTydfb°RTVgkmV 3U¯ulzhTy`®OVgwguibmV>¬%V>¬?hpd\dfsbdmkfVgbfb\sh¤bmlzU>{ylowlde`Ebm{OVgw;dBsu¡?siTk




¡¢sk.wshbedfkmiw;dmlzhT>RTlzRskvcVk+bfwvRTVUWVB¬+RTlowvRRb(yzVgib(dfsWuhcshdmRTV  X shTV¨









 	  !# &'   V¡¢syzys1¬ B 4  D 1?lh®dfRTV'wgbmVsu¡rh±RTsUWsVhVsib+¥ZuUWlzy}dfshTlouh®s¡cVkmVgV k lh
p
 c¡¢sk+V|TuUW{TyzV









~λ ·Du = f(x) 3 I¨  6









Hp(Du) ·Du = f(x)
Ü< N ÜèÊ
 
			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 4 










































ω(x, tn+1) − ω(x, tn)
∆t
,
iblzhT 3 I¨ I 6 ¬%V{T{Tyz`U¯bfb(yiTUW{TlzhT¯uhVd
un+1σ − unσ
∆t
+ Hσ(σ, uσ , uξξ∈Vσ ) = 0
¬+ldmR
















3 I¨ ; 6
8Öh 3 I¨ ; 6  
h
lobdmRTV(U¯1|clzUiTUTlzU>VdmVgkGsu¡TdfRTV(dmkflzhTyzVs¡dfRTV(U>VMbR
¨ Q(RTV+¥\uUWlydmshTlouh 3 I¨ ; 6 ¬+lzyy
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	  	52   .!-,H$ # 	  $ G'32E!$&	579H	
!# &' 3 I¨ ; 6 2 	  '	!M' # !'"#
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3 I¨ 4  6
Q(Rlzb*kfVyo1dflsh'bmRTs1¬.bdmRuddfRTV 3 lzUW{Tyzlzwl}drlzhdflUWV 6 q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u − Ihu = O(hk) lh «bil}dvuTyzVEhTskmU  k = 2 ¡¢sk P1(T ) uh k = 3 ¡¢sk P̃2(T ) ¨ Q(RTlobkfVyo1dflshWlhTlzwg1dmVMbGdfR1d
H(x, uh, Duh)−H(x, Ihu,DIhu) = O(hk) lzh¯dfRTV\bfuUWV+hTskmU abs!dfR1d












h, Duh)∣∣∣∣DpH(x, uh, Duh)
∣∣∣∣ ·DNσ
]
H(x, u,Du)dx = 0.














)−1 3 I¨ 4 4 6
s¡ 3 I¨ ; 6 ¨ =sk!uhRTsU>sVghTVsib\¥\uUWlzy}dfshTlouhsu¡%dmRTV>de`a{V

















H(x, u,Duh) = DH(x, uh) ·
(








Duh 7→ DH(x, uh) lzbwshdflhaiTsib 3 bsdfR1ddmRTVhpiU>Vgkmlowy¥ZUWlydmshTlzh©kmVgU¯ulzhbwshbmlzbdfhd 6  ¬%Vwuh©kfV{OVgud¡¢skfU¯uyzy`EdmRTVbedvuTlzylde`












3 I¨ 4  6
NON Ú$P"Q;å;æ;æ
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h, sDuh + (1 − s)p   )ds, 3 I¨ 4  6
h5dmRTVgh TlzhbedfVgs¡ 3 I¨ ; 6  T¬%V!wshbmlzTVk(dmRV!hpiU>Vgkmlowy3¥ZuUWlzy}dfshTlouh
 uh5dmRV¥ZuUWlzy}dfshTlouh
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dmRTV(lzUW{TyVgUWVhGF
dv1dflsh5su¡ 3 I¨ ; 6 ¨  V°¡¢syzyzs1¬ B 4  D ¨ =kmsU 3 I¨ ; 6  c¬%VBbmVV\dmRud%dfRTVBhpiU>Vgkfudmsk%uh¯dmRVBTVhTsU>lzhudmsk
wguhVwsUW{TicdfVg¡¢syzyzs1¬+lhTWuhVyzVUWVghd.bmVgu{T{TkfswvR¨98Öh{bVgics¯wsccV admRTlob+lzVMb
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jt = 1, . . . , ne3  6 /%sUW{TicdfV Nσ ¡¢sk+VMwvRcVkmVgV°s¡
¡¢kfVVMcsU sh T3  6 /%sUW{TicdfV
u
uh
Du3 w 6  1uyzi1dfV








∣∣∣∣ ·DNσ DpH(x, u
h, Duh) ·Duhdx
alz>RTlzRskvcVgk(npickv1dmikmV\¡¢skfUiTyoWuh5dmRuhT³cb?dms 3 I¨ 4  6
3  6  1uyzi1dfV
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~.VUWVU'Vgk.¬%V!kmVBibmlhWdmRTV!yzlUWldmVgk 3 T¨ 4  6  l}d.lob+ibmV¡¢iTy
dmsbmVVBV|Tw;dmyz`5Rs1¬ dmRVbmwvRVUWVBlzb
¬+kflddmVgh¨ =Tsyyzs1¬+lzhTdfRTV!hTsdf1dflshb(su¡*bVMw;dflsh 3  6  c¬%V!bmVVBdmR1d.l¡
α− = 1
• l¡ r > β + 1
α+





≤ 1 l¡ β ≥ 0  
• l¡ r ∈ [β, β + 1
α+
]
  Hσ = γHHσ
¬+ldmR
γ = 1 + α+
(1 − r)(r − β)
r
∈ [0, 1] l¡ β ≥ 1  
• l¡ r ∈ [0, β]   Hσ = HHσ
 






∈ [0, 1]  
• l¡ r < − 1
α−
  Hσ = HMσ
¨
Q(Raibg T¬?VbVgVBdmRud.l}¡
β ≥ 1 uh α− = 1  T¬?Vwhy¬(­`cb?¬+kmldmV Hσ = HH sk Hσ = γHHσ
¬+ldmR










r ≥ −1 − ∆t× ε(h)
¬+ldmR
















































+ HLσ , un+1σ − g(σ)
)
= 0
3 I¨ 4 ; 6
¬+ldmR






  )     µ $,Ä .,   g1c7, ¹ +  )
  )&()  ¹   
Mc-, ¹ +  !g1c µ  ¶ ) 8Ý¡
ε(h) = 0
 G¤wyzsbmVV|TuUWlzh1dflsh©su¡ 3 T¨  6 uh 3 c¨ ; 6
kfVVgyzbZdmRudl}¡(shV>lzhTldmlouyzl
KgVgbBdfRTVwyzwiTyo1dmlzsh¤¬+l}dfR© '  	  	52 £kvbed!skfcVgk!bsyicdflsh 3 kmVMb{
¨W
'  	  	52 bmVgwshskvcVk'bsyicdflsh 6  ¬?V¯Vd ` = 1 3 kfVgbm{¨ ` = 0 6 lzh©VhVkvuyP¨ 8Öh©sudfRTVk¬%skfTbg dfRTV¯RTlzRskvcVkbfwvRTVgU>VW¬+lzyy{Tkms1alocV>VldmRTVgk£kfbdskvcVgkBbmsyzicdflsh¤skbmVgwsh¤skvcVgkbsyicdflsh
¬+ldmR®{OsbfbmlTyz`spbmwlyzyzudmlzshb











¨ DH 6 u{{VMukvb+lhdfRTV'TVhTsU>lzhudmskZsu¡ 3 I¨ ; 63 kmVMb{
¨ 3 I¨ 4 I 6H6  K¬?V!R­V!£kfbd.kmih®dmRTV£kfbd!skvcVkBbmwvRVUWVWiT{Edfs±5{Oslzhpd¬+RTVkfV'dmRTVgkmVWlobBhTs®cl wiTy}de`ElhdmRV>Vg1uyzi1dflsh¤s¡ HH  
uhdfRTVh¬?VBkmiThdmRV!RTlRskvcVk+bfwvRTVUWVgbg¨





  )   ) + µ º9,  µ + -, ¹ +   µ      µ  ) 8ÖhdmRTlob!V|TU>{yV 
¬?VwshblocVkBdfRTV
 u| ?J=TkflzVgckflzwvRb
bfwvRTVgU>Vh¤dmRTV5shTV5TlUWVhblzshyrVgkfbmlzshsu¡?dmRTVRlR©skvcVkbfwvRTVUWVMb 3 I¨ ; 6 uh 3 I¨ 4 I 6 ¨Q(RTV
dfVgbd.{TkfsTyzVU lob
|u′| − n(x) = 0 x ∈ [0, 1]
























x ∈ [0, x0]





bfwvRTVgU>V!hdmRTVwsUW{w;dZbfwvRTVUWVBsu¡rbmVgw;dflsh I¨ T¨ >Tu{cdfVgdmsWdfRTVshTV!clUWVghblzshuy
wgbmV¨Q(RTV
bfwvRTVgU>VbmRTsiTyzOV!¡¢skmU¯uyzyz`bmVgwshskvcVgkZwgwiTkv1dfV¨?_clhwVdfRTV¥ZUWlydmshTlzh
x 7→ |x| lob.RsUWsFVhTVgsib?s¡*cVgkfVV 4  c¬?V!ibmV\dfRTV!skflzlzhuyO¡¢skfUiyz'su¡ B 4  D ¨
 V.R­V(kmVg{TkmVMbVghpdmVgdmRVZbsyiTdmlzshWsh=liTkfVZc¨ 4 ¡¢skrshTy`WuBUWVgbmRW{slhpdvbbr¬%Vgyyb KsasUWb
lzh
[0.4, 0.6]
¬+RTVgkmV¯dfRTVbsyicdflsh«lob'bmUWspsdmR 3 bVgV =lziTkfVc¨Æ 6 h«ukfsihdmRTVU¯1|clzUiTU 3 bmVV












dfRTV®bsyiTdmlzsh§lzb¯bdmlzyy.bmUWsasudmR 3 =lziTkfV±c¨ I 6 ¨  V®bVgVdfR1dWdfRTV®V|c{OVgw;dfVgªskvcVkWs¡°wgwiTkvw`lzb
scdflhVg3¨.Q(RTV>wshpVkfVghwVBOVR­alzsk.s¡GdmRTV'TyVghcVM±bmwvRVUWVbmVVU¯bZVddmVgkZdfRuh±dmRTspbVs¡GdmRTV
ihTylzUWl}dfVgbmVgwshskvcVk+bfwvRTVUWV¨
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H(x, u′) = 0
lzh




x ∈ [−1, 1] ¨Q(RTV\haiTUWVkflzwguybmsyzicdflshbkmVZTlzbm{Tyo­`Vg





    
        
H(p) = cos(p)2 + |p| 
 p ∈ [−1, 1] 
lzh =lziTkfVT¨ Elh©dfRTVkfhTV












  )   )  ¸¹ º9,  µ + -, ¹ +   µ      µ  ) =lzkfbdg a¬?V\wshbmlzTVk%hV|TU>{yV\su¡hRTsUWsVhVsib
¥\uUWlzy}dfshTlouh 3 dmRV°Vglzwshy3¥ZuUWlzy}dfshTlouh 6 h5bmVgwsh a>lzhTRTsU>sVghTVsib pTicd.bdmlzyywshaV|3 shTV¨
 VWR­V>hTsd!wshbmlocVkfVg¤uha`®hTshwshaV|±wgbmVWbmlzhwV>l}dbmVVgU¯b°Tl wiy}d!dfswshbdmkfiwd°V|cUW{TyV
¡¢skZ¬+RTlowvR±V|alobdmVhwVh®iThTlonpiTVhVgbfb O¬+l}dfR¤\lkflowvRTyVdZOsiThukf`wshTl}dflshb Owh±V'{Tkfs1Vg 1d
yzVgbed(¡¢kfsU0dfRTV!lzhc¡¢skfU¯1dmlzshb({Tkms1alocVg5lh B 4D ¨
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 x ∈ [0.5, 0.8]
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  )   )   ) *+  ¹  ¹  µ + µa¹ °T µ ) Q(RTV.{TkfsTyzVU lobGdms£h
u
lh
Ω = [0, 1]× [0, 1]−C ¬+RTVkfV
C = {(x, y) ∈ [0, 1/2]× [0, 1/2] uh (x− 1/2)2 + (y − 1/2)2 ≥ 1}  TbsyiTdmlzshsu¡
ψ(Du) − 1 = 0 lh Ω uh u = 0 sh ∂Ω. 3 c¨Æ 6









l¡ ||p|| ≤ 1
||p|| VyobV¨




lzhT±bfwvRTVUWV¯lobbdmlzyy?blzUW{TyzV¯dms®lzUW{TyVgUWVhpdg¨®Q(RTVVgwdmsk DH lobwvRsbmVhdms®OV Duh||Duh||
b!lzhdmRTV
RsUWsVhTVgsib?wbVBOVgwibmV
ψ′ ≥ 0 ¨rQ(RTVBUWVgbmRlob(Vgkm`wkficV TbmVV =lziTkfVc¨ c¨8Öh=lziTkfV%T¨ 4 a M¬?VrR­VG{TyzsuddfVgBdfRTVG£kvbd
skvcVk 3 
 u| =kmlzVgTkmlowvR 6  gdmRV%bmVgwsh°skvcVk
iThTyzlUWldmVg
h5dmRTV!TyzVhcVg®bmsyzicdmlzsh
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(un+1 − un) − 1
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αun+1 + β∆tH(x, un+1, Dun+1)) = F ({uk, k = n, n− 1, . . . , n− k}) ≡ F (x)
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u ∈ [0, 0.4364] _aVgwshskvcVkM  u ∈ [0, 0.4922]
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